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Abstract 



This paper presents the extension from fiat spacetime into curved spacetime 
of the area of theoretical investigation that has been known as topological gauge field 
theory. The extension here presented is based upon a new derivation of the expres- 
sion for topological charge for bosons and fermions in flat spacetime, a derivation 
which has been presented elsewhere [1]. This new approach was developed because 
the estabhshed instanton solution could not be extended to curved spacetime. The 
new approach can be extended to curved spacetime by coupling the major equations 
of relativistic quantum mechanics to the scalar curvature. The coupling here pre- 
sented, and results obtained about the quantization of topological charge, had not 
been possible with the earlier established instanton solution. 



The Klein- Gordon equation in curved spacetime is (D^ — — -R)4) — 0. 

which is (D^ — m^)0 = (the Klein-Gordon equation in flat spacetime) cou- 
pled to (— where R is the scalar curvature. 
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Similarly, the Dirac equation in curved spacetime is (D^ — w? — -^R)4> = 0- 

which is {nP — m?)4> — (again, the Klein-Gordon equation in flat spacetime) 

coupled in this case to {—-R)(f) where R is the scalar curvature. 

(In the above expressions, is the special relativistic invariant D'Alembertian.) 

The Dirac equation in flat spacetime in presence of electromagnetic fleld is [1] : 

*(f,^) = 0. (1) 

From this formula, it was determined that the topological charge for fermions 
in flat spacetime cannot be quantized [1]. 

To examine the quantization of topological charge in curved spacetime 
for bosons and fermions 

By operating on the component of the fleld vector in curved spacetime. 



-(--It + e0)2 + {-V + eAf + m' + f{x, t) 



1 



we get 



b<^c 



9,0, - vU,. 
V, {d,4>, - r 



hem 



4>d = gdk(f> 

= g^^cpc thus 
4>d = gdkg^''(t)c will give us 

0e = geig^^4>c implies that 



is a component of a field vector and it appears on both sides of the above equation. 
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The solution of the Klein-Gordon equation in the absence of electromagnetic 
field A can be regarded as one component of Dirac's vector field solution. 



</'K-G = = 0c 
g"-^^a^h(t) = g^^dadbct) + terms in g"-\ F, (j)s, and ^s 

is the special relativistic invariant D'Alembertian, therefore 



9''''^a^b(l> = + function of x 
= + fix) 

for the minimal coupling case, {g"''^'Va^b+n^'^)4' — becomes {D'^+m'^+f'{x))(j) — 0. 

1 ^ Id 

In the presence of electromagnetic field — > (tV + eA^ — ( — + e0)^ and the 
above equation becomes equivalent to (equation 1), which is the equation for the 
topological charge for fermions in flat spacetime in presence of electromagentic field. 
Since the equations for both fermions and bosons in curved spacetime reduce to 
the same equation for fermions in flat spacetime, and since topological charge for 
fermions in flat spacetime was shown to be not quantized [1], we can therefore 
conclude that for bosons obeying the minimal coupling, Klein-Gordon's equation, 
the topological charge in curved spacetime is not quantized. 

Similarly, for the case of bosons obeying the coupling to the scalar curvature, 
and for fermions, which correspond to adding ~4"^ respectively [2], the 

topological charge in curved spacetime is not quantized. This remains true because 
these additions will not affect the form of inhomogeneity of (equation 1). Because 
this equation is inhomogcnous, we were able to find out that the topological charge 
for fermions cannot be quantized. Similarly, since the topological charge in curved 
spacetime for fermions and bosons follow the same form, we conclude that the charge 
is not quantized in either case. Thus, we conclude that the topological charge is 
quantized for bosons and not quantized for fermions whereas the instanton solution 
could not distinguish between the two cases. 



3 



Acknowledgement: The author would like to thank Professor Alan Chodos of Yale 
University for his assistance and for the useful comments from which this manuscript 
has benefitted. 



4 



Bibliography 



[1] Saaty, Joseph. Topological Charge for Bosons and Fermions in Flat Space- 
time: A Relativistic Quantum Field Theory and Covariant Electrodynamics 
Approach, forthcoming. 

[2] Birrell, N. D. and Davies, P. C. W. (1994). Quantum Fields in Curved Space, 
Cambridge. 

[3] Wald, R. (1984). General Relativity, University of Chicago Press. 



5 



